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Abstract
In this paper, we initially derive the equivalent fractional integral equation to Ψ-
Hilfer hybrid fractional differential equations and through it, we prove the existence
of a solution in the weighted space. The primary objective of the paper is to obtain
estimates on Ψ-Hilfer derivative and utilize it to derive the hybrid fractional differen-
tial inequalities involving Ψ-Hilfer derivative. With the assistance of these fractional
differential inequalities, we determine the existence of extremal solutions, comparison
theorems and uniqueness of the solution.
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1 Introduction
The classical theory of fractional differential equations (FDEs) relating to inequalities and
comparison results has developed by Lakshmikantham et al.[1, 2, 3] and utilized this theory
to demonstrate the qualitative and quantitative properties of the solution of various classes
of nonlinear FDEs. On the other hand, Dhage and Lakshmikantham[4] inducted the study
of integer order hybrid nonlinear differential equations. They have proved an existence
theorem and built differential inequalities. The obtained inequalities at that point used to
investigate the existence of extremal solutions and a comparison result. On the lines of [4],
Zhao et al.[5] have developed the theory of hybrid FDEs involving Riemann–Liouville (RL)
fractional derivative operator and acquired fundamental fractional differential inequalities,
the existence of extremal solutions and comparison principle. Other related works on the
hybrid FDEs may be found in [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16].
The idea of the fractional derivative with respect to another function is introduced by
Kilbas et al.[17] in the sense of RL fractional derivative. On a comparable line, Almeida[18]
presented Ψ-Caputo fractional derivative and investigated many fascinating properties of
this operator. Hilfer[20] presented fractional derivative operator Dµ,ν
a+
(·) with two param-
eters µ ∈ (n − 1, n), n ∈ N and ν (0 ≤ ν ≤ 1). The Hilfer derivative Dµ,ν
a+
(·) unifies the
theory of FDEs involving RL fractional derivative (ν = 0) and Caputo fractional derivative
(ν = 1). The calculus of Hilfer derivative and the analysis of nonlinear FDEs involving it
very well may be found in [21, 22].
In [23], Sousa and Oliveira presented the Hilfer version of the fractional derivative
with respect to another function which we refer in the present paper as Ψ-Hilfer fractional
1
2derivative. The importance of the Ψ-Hilfer fractional derivative lies in the fact that it
incorporates several well recognized fractional derivative operators as it’s particular cases,
for example, RL[17], Caputo[17], Ψ-RL[17], Hadmard[17], Riesz[17], Erde´ly-Kober[17], Ψ-
Caputo[18], Katugampola[19], Hilfer[20] and so forth. In this way various properties of
solutions of FDEs involving different fractional derivative operators recorded in [23] can be
analyzed under one roof with a single fractional derivative operator. Investigation of initial
and boundary value problems for Ψ-Hilfer about existence, uniqueness, data dependence
and Ulam-Hyers stabilities may be found in [24, 25, 26, 27, 28, 29, 30, 31, 32, 33].
Motivated by the work of [4, 5], in the present paper, we consider the following Ψ-Hilfer
hybrid FDEs of the form
HDµ, ν ; Ψ
0+
[
y(t)
f(t, y(t))
]
= g(t, y(t)), a.e. t ∈ (0, T ], (1.1)
(Ψ (t)−Ψ(0))1−ξ y(t)|t=0 = y0 ∈ R, (1.2)
where 0 < µ < 1, 0 ≤ ν ≤ 1, ξ = µ + ν(1 − µ), HDµ,ν; Ψ
0+
(·) is the Ψ-Hilfer fractional
derivative of order µ and type ν, f ∈ C(J × R ,R \ {0}) is bounded, J = [0, T ] and g ∈
C(J×R ,R) = {h | the map ω → h(τ, ω) is continuous for each τ and the map τ → h(τ, ω)
is measurable for each ω}.
We obtain, the equivalent fractional integral equation to the Ψ-Hilfer hybrid FDEs (1.1)-
(1.2) and establish the existence of solution in the weighted space C1−ξ; Ψ(J, R). Our main
objective here is to obtain estimates on Ψ-Hilfer derivative and utilize it to develop the
hybrid fractional differential inequalities involving Ψ-Hilfer derivative. Using the fractional
differential inequalities in the setting of Ψ-Hilfer derivative, we then derive the existence of
extremal solutions, comparison results and uniqueness of the solution.
• For ν = 0, Ψ(t) = t, y0 = 0, the obtained outcomes in the current paper incorporates
the investigation of [5] relating to nonlinear hybrid FDEs of the form
RLDµ
0+
[
y(t)
f(t, y(t))
]
= g(t, y(t)), a.e. t ∈ (0, T ],
y(0) = 0.
• For µ = 1, ν = 1, Ψ(t) = t, the obtained outcomes in the current paper incorpo-
rates the investigation of [4] pertaining to nonlinear integer order hybrid differential
equations of the form
d
dt
[
y(t)
f(t, y(t))
]
= g(t, y(t)), a.e. t ∈ (0, T ],
y(0) = y0 ∈ R.
• For f = 1, the obtained results are applicable to nonlinear Ψ-Hilfer FDEs of the form
HDµ, ν ; Ψ
0+
y(t) = g(t, y(t)), a.e. t ∈ (0, T ],
(Ψ (t)−Ψ(0))1−ξ y(t)|t=0 = y0 ∈ R.
• For f = 1, ν = 0 (in this case ξ = µ), Ψ(t) = t, the acquired results includes the
study of nonlinear FDEs involving Riemann–Liouville derivative[34]
RLDµ
0+
y(t) = g(t, y(t)), a.e. t ∈ (0, T ],
3[t1−µy(t)]t=0 = y0 ∈ R.
• For f = 1, ν = 1 (in this case ξ = 1), Ψ(t) = t, the acquired results includes the
study of nonlinear FDEs involving Caputo derivative[1]
CDµ
0+
y(t) = g(t, y(t)), a.e. t ∈ (0, T ],
y(0) = y0 ∈ R.
We have referenced above just a couple of extraordinary cases. Aside from these, for various
selections of parameters µ, ν and the function Ψ, the obtained outcomes in the current paper
additionally hold for nonlinear hybrid FDEs with well known fractional derivative operators
recorded in [23], for example, RL, Caputo,Ψ-RL, Ψ-Caputo, Hadmard, Katugampola, Riesz,
Erde´ly-Kober, Hilfer and so forth.
The plan of the paper is as follows: In the section 2, we give some definitions and
results which are useful to prove the main results. In section 3, we derive an equivalent
integral equation(IE) to the problem (1.1)-(1.2) and establish existence of solution to it. In
section 4, we obtain estimates on Ψ-Hilfer derivative. Section 5 deals with hybrid fractional
differential inequalities involving Ψ-Hilfer derivative. Section 6, contribute the study of
maximal and minimal solutions. In section 7, we obtain comparison theorems. Finally,
uniqueness result is proved in the section 8.
2 Preliminaries
Let [a, b] (0 < a < b <∞) be a finite interval and Ψ ∈ C1([a, b],R) be an increasing function
such that Ψ′(t) 6= 0, ∀ t ∈ [a, b]. We consider the weighted space
C1−ξ; Ψ [a, b] =
{
h : (a, b]→ R
∣∣ (Ψ (t)−Ψ(a))1−ξ h (t) ∈ C [a, b]} , 0 < ξ ≤ 1,
endowed with the norm
‖h‖C1−ξ;Ψ[a,b] = maxt∈[a,b]
∣∣∣(Ψ (t)−Ψ(a))1−ξ h (t)∣∣∣ . (2.1)
The weighted space C1−ξ ;Ψ([a, b] , R) is a partially ordered Banach space with the norm
‖·‖C1−ξ;Ψ[a,b] and the partial ordering relation  defined by
h1  h2 if and only if (Ψ (t)−Ψ(a))
1−ξ h1 (t) ≤ (Ψ (t)−Ψ(a))
1−ξ h2 (t) , t ∈ [a, b] ,
where h1, h2 ∈ C1−ξ ;Ψ([a, b] , R). Note that
(i) h1 ≺ h2 if and only if (Ψ (t)−Ψ(a))
1−ξ h1 (t) < (Ψ (t)−Ψ(a))
1−ξ h2 (t) , t ∈ [a, b] ;
(ii) h1 = h2 if and only if (Ψ (t)−Ψ(a))
1−ξ h1 (t) = (Ψ (t)−Ψ(a))
1−ξ h2 (t) , t ∈ [a, b] ;
(iii) h1 ≻ h2 if and only if (Ψ (t)−Ψ(a))
1−ξ h1 (t) > (Ψ (t)−Ψ(a))
1−ξ h2 (t) , t ∈ [a, b] .
Definition 2.1 ([17]) Let h be an integrable function defined on [a, b]. Then the Ψ-Riemann-
Liouville fractional integral of order µ > 0 (µ ∈ R) of the function h is given by
I
µ ;Ψ
a+
h (t) =
1
Γ (µ)
∫ t
a
Ψ′ (s) (Ψ (t)−Ψ(s))µ−1 h (s) ds. (2.2)
4Definition 2.2 ([23]) The Ψ-Hilfer fractional derivative of a function h of order 0 < µ < 1
and type 0 ≤ ν ≤ 1, is defined by
HDµ, ν; Ψ
a+
h(t) = I
ν(1−µ); Ψ
a+
(
1
Ψ′(t)
d
dt
)
I
(1−ν)(1−µ); Ψ
a+
h(t).
Lemma 2.1 ([17, 23]) Let χ, δ > 0 and ρ > n. Then
(i) Iµ ; Ψ
a+
Iχ ; Ψ
a+
h(t) = Iµ+χ ; Ψ
a+
h(t).
(ii) Iµ ; Ψ
a+
(Ψ (t)−Ψ(a))δ−1 = Γ(δ)Γ(µ+δ) (Ψ (t)−Ψ(a))
µ+δ−1 .
(iii) HDµ, ν ; Ψ
a+
(Ψ (t)−Ψ(a))ξ−1 = 0.
(iv) HDµ, ν ;ψa+ (ψ (t)− ψ (a))
ρ−1 = Γ(ρ)Γ(ρ−α) (ψ (t)− ψ (a))
µ−ρ−1 .
Lemma 2.2 ([23]) If h ∈ Cn[a, b], n− 1 < µ < n and 0 ≤ ν ≤ 1, then
(i) Iµ ;Ψ
a+
HDµ,ν ;Ψ
a+
h (t) = h (t)−
n∑
k=1
(Ψ(t)−Ψ(a))ξ−k
Γ(ξ−k+1) h
[n−k]
Ψ I
(1−ν)(n−µ) ;Ψ
a+
h (a)
where, h
[n−k]
Ψ h(t) =
(
1
Ψ′(t)
d
dt
)n−k
h(t).
(ii) HDµ,ν ;Ψ
a+
I
µ ;Ψ
a+
h (t) = h (t) .
Definition 2.3 ([17, 35]) Let η > 0 ( η ∈ R). Then the one parameter Mittag-Leffler
function is defined as
Eη(z) =
∞∑
k=0
zk
Γ(kη + 1)
.
Lemma 2.3 ([36]) Let S be a non-empty closed, convex and bounded subset of the Banach
algebra X and let A : X → X and B : S → X be two operators such that
(a) A is Lipschitzian with a Lipschitz constant α;
(b) B is completely continuous;
(c) y = AyBx =⇒ y ∈ S for all x ∈ S and
(d) αM < 1 where M = sup {‖Bx‖ : x ∈ S}.
Then the operator equation y = AyBy has a solution in S.
53 Existence of solution
Lemma 3.1 A function y ∈ C1−ξ; Ψ(J, R) is the solution of the Cauchy problem for hybrid
FDEs (1.1)-(1.2) if and only if it is solution of the following hybrid fractional IE
y(t) = f(t, y(t))
{
y0
f(0, y(0))
(Ψ (t)−Ψ(0))ξ−1 + Iµ ; Ψ
0+
g(t, y(t))
}
, t ∈ (0, T ]. (3.1)
Proof: Let y ∈ C1−ξ; Ψ(J, R) be the solution of the Cauchy problem for hybrid FDEs (1.1)-
(1.2). Operating Ψ-RL fractional integral Iµ ; Ψ
0+
on the both sides of the equation (1.1) and
using Lemma 2.2(i), we obtain
y(t)
f(t, y(t))
−
(Ψ (t)−Ψ(0))ξ−1
Γ(ξ)
[
I1−ξ ;Ψ
0+
y(t)
f(t, y(t))
]
t=0
= Iµ ;Ψ
0+
g(t, y(t)), t ∈ (0, T ].
The above equation can be written as
y(t) = f(t, y(t))
{
C
Γ(ξ)
(Ψ (t)−Ψ(0))ξ−1 + Iµ ;Ψ
0+
g(t, y(t))
}
, t ∈ (0, T ], (3.2)
where
C =
[
I1−ξ ;Ψ
0+
y(t)
f(t, y(t))
]
t=0
.
Next, we evaluate the value of C using initial condition. Multiplying (Ψ (t)−Ψ(0))1−ξ on
both sides of the equation (3.2), we get
(Ψ (t)−Ψ(0))1−ξ y(t) =
C
Γ(ξ)
f(t, y(t)) + (Ψ (t)−Ψ(0))1−ξ f(t, y(t))Iµ ;Ψ0+ g(t, y(t)), t ∈ J.
Putting t = 0 in the above equation and using the initial condition (1.2), we obtain
C =
y0 Γ(ξ)
f(0, y(0))
.
Putting value of C in the equation (3.2), we get
y(t) = f(t, y(t))
[
y0
f(0, y(0))
(Ψ (t)−Ψ(0))ξ−1 + Iµ ;Ψ
0+
g(t, y(t))
]
, t ∈ (0, T ],
which is required equivalent hybrid fractional IE to the hybrid FDEs (1.1)-(1.2).
Conversely, let y ∈ C1−ξ; Ψ(J, R) is a solution of the hybrid IE (3.1). Then it can be
written as
y(t)
f(t, y(t))
=
y0
f(0, y(0))
(Ψ (t)−Ψ(0))ξ−1 + Iµ ;Ψ
0+
g(t, y(t)), t ∈ (0, T ]. (3.3)
Operating the Ψ-Hilfer derivative HDµ, ν ; Ψ
0+
on both sides of the equation (3.3) and using
the Lemma 2.1(iii) and Lemma 2.2(ii), we obtain
HDµ, ν ; Ψ
0+
[
y(t)
f(t, y(t))
]
=
y0
f(0, y(0))
HDµ, ν ; Ψ
0+
(Ψ (t)−Ψ(0))ξ−1 + HDµ, ν ; Ψ
0+
Iµ ;Ψ
0+
g(t, y(t))
6= g(t, y(t)).
It remains to verify the initial condition (1.2). From the equation (3.3), we have
(Ψ (t)−Ψ(0))1−ξ
y(t)
f(t, y(t))
=
y0
f(0, y(0))
+ (Ψ (t)−Ψ(0))1−ξ Iµ ;Ψ
0+
g(t, y(t)).
At t = 0, above equation reduces to[
(Ψ (t)−Ψ(0))1−ξ y(t)
]
t=0
= y0,
which gives the initial condition (1.2). This completes the proof. ✷
To prove the existence of solution to the hybrid FDEs (1.1)-(1.2), we need the following
hypotheses on f and g:
(H1) The function f ∈ C (J ×R,R \ {0}) is bounded and satisfies the following conditions:
(i) The mapping v → v
f(t,v) is increasing in R a.e. t ∈ (0, T ] ;
(ii) there exists L > 0 such that
|f(t, x)− f(t, y)| ≤ L |x− y| , t ∈ J and x, y ∈ R.
(H2) The function g ∈ C(J ×R ,R) and there exists a function h ∈ C(J, R) such that
|g(t, y)| ≤ h(t), a.e. t ∈ J and y ∈ R.
Theorem 3.2 Assume that the hypotheses (H1)-(H2) hold. Then the hybrid FDEs (1.1)-
(1.2) has a solution y ∈ C1−ξ; Ψ(J, R) provided
L
{∣∣∣∣ y0f(0, y(0))
∣∣∣∣+ ‖h‖∞ (Ψ (T )−Ψ(0))µΓ(µ + 1)
}
< 1. (3.4)
Proof: Let X :=
(
C1−ξ; Ψ(J, R), ‖·‖
C1−ξ; Ψ
(
J,R
)
)
. Then X is a Banach algebra with the
product of vectors defined by (xy)(t) = x(t)y(t), t ∈ J . Define,
S = {x ∈ X : ‖x‖
C1−ξ; Ψ
(
J,R
) ≤ R},
where
R = K
{∣∣∣∣ y0f(0, y(0))
∣∣∣∣+ ‖h‖∞ (Ψ (T )−Ψ(0))µ+1−ξΓ(µ+ 1)
}
and K is bound on f . Clearly, S is closed, convex and bounded subset of X. Define two
operators A : X → X and B : S → X by
Ay(t) = f(t, y(t)), t ∈ J,
By(t) =
y0 (Ψ (t)−Ψ(0))
ξ−1
f(0, y(0))
+
1
Γ (µ)
∫ t
0
Ψ′(s)(Ψ(t)−Ψ(s))µ−1g(s, y(s)) ds, t ∈ (0, T ].
7Then, the hybrid IE (3.1) is transformed into the following operator equation
y = AyBy, y ∈ X.
We prove that the operators A and B satisfies all the conditions of Lemma 2.3. The proof
is given in the following steps:
Step 1: A : X → X is Lipschitz operator.
Using the hypothesis (H1)(ii), we obtain∣∣∣(Ψ (t)−Ψ(0))1−ξ (Ax(t)−Ay(t))∣∣∣ = ∣∣∣(Ψ (t)−Ψ(0))1−ξ (f(t, x(t))− f(t, y(t)))∣∣∣
≤ L
∣∣∣(Ψ (t)−Ψ(0))1−ξ (x(t)− y(t))∣∣∣
≤ L ‖x− y‖
C1−ξ; Ψ
(
J,R
) .
This gives,
‖Ax−Ay‖
C1−ξ; Ψ
(
J,R
) ≤ L ‖x− y‖
C1−ξ; Ψ
(
J,R
) . (3.5)
Step 2: B : S → X is completely continuous.
(i) B : S → X is continuous.
Let yn → y in S. Then,
‖Byn −By‖
C1−ξ; Ψ
(
J,R
)
= max
t∈J
∣∣∣(Ψ (t)−Ψ(0))1−ξ (Byn(t)−By(t))∣∣∣
≤ max
t∈J
(Ψ (t)−Ψ(0))1−ξ
Γ (µ)
∫ t
0
Ψ′(s)(Ψ(t)−Ψ(s))µ−1 |g(s, yn(s))− g(s, y(s))| ds.
By continuity of g and Lebesgue dominated convergence theorem, from the above inequality,
we have
‖Byn −By‖
C1−ξ; Ψ
(
J,R
) → 0 as n→∞.
This proves B : S → X is continuous.
(ii) B(S) = {By : y ∈ S} is uniformly bounded.
Using hypothesis (H2), for any y ∈ S and t ∈ J , we have∣∣∣(Ψ (t)−Ψ(0))1−ξ By(t)∣∣∣
≤
∣∣∣∣ y0f(0, y(0))
∣∣∣∣+ (Ψ (t)−Ψ(0))1−ξΓ (µ)
∫ t
0
Ψ′(s)(Ψ(t)−Ψ(s))µ−1 |g(s, y(s))| ds
≤
∣∣∣∣ y0f(0, y(0))
∣∣∣∣+ (Ψ (t)−Ψ(0))1−ξΓ (µ)
∫ t
0
Ψ′(s)(Ψ(t)−Ψ(s))µ−1h(s) ds
≤
∣∣∣∣ y0f(0, y(0))
∣∣∣∣+ ‖h‖∞ (Ψ (t)−Ψ(0))1−ξ (Ψ (t)−Ψ(0))µΓ (µ+ 1)
≤
∣∣∣∣ y0f(0, y(0))
∣∣∣∣+ ‖h‖∞ (Ψ (T )−Ψ(0))µ+1−ξΓ (µ+ 1) .
8Therefore,
‖By‖
C1−ξ; Ψ
(
J,R
) ≤
∣∣∣∣ y0f(0, y(0))
∣∣∣∣+ ‖h‖∞ (Ψ (T )−Ψ(0))µ+1−ξΓ (µ+ 1) . (3.6)
(iii) B(S) is equicontinuous.
Let any y ∈ S and t1, t2 ∈ J with t1 < t2. Then using hypothesis (H2), we have∣∣∣(Ψ (t2)−Ψ(0))1−ξ By(t2)− (Ψ (t1)−Ψ(0))1−ξ By(t1)∣∣∣
=
∣∣∣∣∣
{
y0
f(0, y(0))
+
(Ψ (t2)−Ψ(0))
1−ξ
Γ (µ)
∫ t2
0
Ψ′(s)(Ψ(t2)−Ψ(s))
µ−1g(s, y(s)) ds
}
−
{
y0
f(0, y(0))
+
(Ψ (t1)−Ψ(0))
1−ξ
Γ (µ)
∫ t1
0
Ψ′(s)(Ψ(t1)−Ψ(s))
µ−1g(s, y(s)) ds
}∣∣∣∣∣
≤
∣∣∣∣∣ (Ψ (t2)−Ψ(0))
1−ξ
Γ (µ)
∫ t2
0
Ψ′(s)(Ψ(t2)−Ψ(s))
µ−1 |g(s, y(s))| ds
−
(Ψ (t1)−Ψ(0))
1−ξ
Γ (µ)
∫ t1
0
Ψ′(s)(Ψ(t1)−Ψ(s))
µ−1 |g(s, y(s))| ds
∣∣∣∣∣
≤
∣∣∣∣∣ (Ψ (t2)−Ψ(0))
1−ξ
Γ (µ)
∫ t2
0
Ψ′(s)(Ψ(t2)−Ψ(s))
µ−1h(s) ds
−
(Ψ (t1)−Ψ(0))
1−ξ
Γ (µ)
∫ t1
0
Ψ′(s)(Ψ(t1)−Ψ(s))
µ−1h(s) ds
∣∣∣∣∣
≤
∣∣∣∣∣ (Ψ (t2)−Ψ(0))
1−ξ ‖h‖
∞
Γ (µ)
∫ t2
0
Ψ′(s)(Ψ(t2)−Ψ(s))
µ−1 ds
−
(Ψ (t1)−Ψ(0))
1−ξ ‖h‖
∞
Γ (µ)
∫ t1
0
Ψ′(s)(Ψ(t1)−Ψ(s))
µ−1 ds
∣∣∣∣∣
=
‖h‖
∞
Γ (µ+ 1)
{
(Ψ(t2)−Ψ(0))
µ+1−ξ − (Ψ(t1)−Ψ(0))
µ+1−ξ
}
.
By the continuity of Ψ, from the above inequality it follows that
if |t1 − t2| → 0 then
∣∣∣(Ψ (t2)−Ψ(0))1−ξ By(t2)− (Ψ (t1)−Ψ(0))1−ξ By(t1)∣∣∣→ 0.
From the parts (ii) and (iii), it follows that B(S) is uniformly bounded and equicontinous set
in X. Then by Arzela`-Ascoli theorem, B(S) is relatively compact. Therefore, B : S → X
is a compact operator. Since B : S → X is the continuous and compact operator, it is
completely continuous.
Step 3: For y ∈ X, y = AyBx =⇒ y ∈ S for all x ∈ S.
Let any y ∈ X and x ∈ S such that y = AyBx. Using the hypothesis (H2) and boundedness
of f , for any t ∈ J , we have∣∣∣(Ψ (t)−Ψ(0))1−ξ y(t)∣∣∣
9=
∣∣∣(Ψ (t)−Ψ(0))1−ξ Ay(t)Bx(t)∣∣∣
=
∣∣∣∣∣(Ψ (t)−Ψ(0))1−ξ f(t, y(t))
{
y0 (Ψ (t)−Ψ(0))
ξ−1
f(0, x(0))
+
1
Γ (µ)
∫ t
0
Ψ′(s)(Ψ(t)−Ψ(s))µ−1g(s, x(s)) ds
}∣∣∣∣∣
≤ |f(t, y(t))|
{∣∣∣∣ y0f(0, x(0))
∣∣∣∣+ (Ψ (t)−Ψ(0))1−ξΓ (µ)
∫ t
0
Ψ′(s)(Ψ(t)−Ψ(s))µ−1 |g(s, x(s))| ds
}
≤ K
{∣∣∣∣ y0f(0, x(0))
∣∣∣∣+ (Ψ (t)−Ψ(0))1−ξΓ (µ)
∫ t
0
Ψ′(s)(Ψ(t)−Ψ(s))µ−1h(s) ds
}
≤ K
{∣∣∣∣ y0f(0, x(0))
∣∣∣∣+ (Ψ (t)−Ψ(0))µ+1−ξ ‖h‖∞Γ (µ+ 1)
}
.
This gives
‖y‖
C1−ξ; Ψ
(
J,R
) ≤ K
{∣∣∣∣ y0f(0, x(0))
∣∣∣∣+ (Ψ (T )−Ψ(0))µ+1−ξ ‖h‖∞Γ (µ+ 1)
}
= R.
This implies, y ∈ S.
Step 4: To prove αM < 1 where M = sup
{
‖By‖
C1−ξ; Ψ
(
J,R
) : y ∈ S
}
.
From inequality (3.6), we have
M = sup
{
‖By‖
C1−ξ; Ψ
(
J,R
) : y ∈ S
}
≤
∣∣∣∣ y0f(0, y(0))
∣∣∣∣+ ‖h‖∞ (Ψ (T )−Ψ(0))µ+1−ξΓ (µ+ 1) .
From the inequality (3.5), we have α = L. Therefore, using the condition (3.4), we have
αM ≤ L
{∣∣∣∣ y0f(0, y(0))
∣∣∣∣+ ‖h‖∞ (Ψ (T )−Ψ(0))µ+1−ξΓ (µ+ 1)
}
< 1.
From steps 1 to 4, it follows that all the conditions of Lemma 2.3 are fulfilled. Consequently,
applying Lemma 2.3, the operator equation y = AyBy has a solution in S, which acts as a
solution of hybrid FDEs (1.1)-(1.2). ✷
4 Estimates on Ψ-Hilfer derivative
Theorem 4.1 Let m ∈ C1−ξ; Ψ(J, R). Let t1 ∈ (0, T ] be such that m(t1) = 0 and m(t) ≤
0, t ∈ (0, t1). Then,
HDµ, ν ; Ψ
0+
m(t1) ≥ 0.
Proof: Define
MΨ(t) =
∫ t
0
Ψ′(s) (Ψ(t)−Ψ(s))−ξm(s)ds, t ∈ J.
Let any h > 0 such that 0 < t1 − h < t1. Then
MΨ(t1)−MΨ(t1 − h)
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=
∫ t1
0
Ψ′(s) (Ψ(t1)−Ψ(s))
−ξm(s)ds−
∫ t1−h
0
Ψ′(s) (Ψ(t1 − h)−Ψ(s))
−ξm(s)ds
=
∫ t1−h
0
Ψ′(s)
{
(Ψ(t1)−Ψ(s))
−ξ − (Ψ(t1 − h)−Ψ(s))
−ξ
}
m(s)ds
+
∫ t1
t1−h
Ψ′(s) (Ψ(t1)−Ψ(s))
−ξm(s)ds.
Let
I1 =
∫ t1−h
0
Ψ′(s)
{
(Ψ(t1)−Ψ(s))
−ξ − (Ψ(t1 − h)−Ψ(s))
−ξ
}
m(s)ds
and
I2 =
∫ t1
t1−h
Ψ′(s) (Ψ(t1)−Ψ(s))
−ξm(s)ds.
Then
MΨ(t1)−MΨ(t1 − h) = I1 + I2. (4.1)
Since ξ > 0 and Ψ is increasing function, we have
0 < (Ψ(t1 − h)−Ψ(s))
ξ < (Ψ(t1)−Ψ(s))
ξ , for 0 < s < t1 − h < t1.
This gives
(Ψ(t1)−Ψ(s))
−ξ − (Ψ(t1 − h)−Ψ(s))
−ξ < 0, for 0 < s < t1 − h < t1.
This coupled with hypothesis m(s) ≤ 0, s ∈ (0, t1) and the fact Ψ
′(s) > 0, s ∈ J, we have
Ψ′(s)
{
(Ψ(t1)−Ψ(s))
−ξ − (Ψ(t1 − h)−Ψ(s))
−ξ
}
m(s) ≥ 0, for 0 < s < t1 − h < t1.
This implies I1 ≥ 0. Therefore, the equation (4.1) reduces to
MΨ(t1)−MΨ(t1 − h) ≥ I2. (4.2)
Since (Ψ(t)−Ψ(0))1−ξm(t) is continuous on J , corresponding to t1, there exists constant
K(t1) > 0 such that for 0 < t1 − h < s < t1,
−K(t1)(t1 − s) ≤ (Ψ(t1)−Ψ(0))
1−ξm(t1)− (Ψ(s)−Ψ(0))
1−ξm(s) ≤ K(t1)(t1 − s).
But by hypothesis m(t1) = 0. Therefore, for 0 < t1 − h < s < t1, we have
−K(t1)(t1 − s) ≤ − (Ψ(s)−Ψ(0))
1−ξm(s) ≤ K(t1)(t1 − s).
This gives
(Ψ(s)−Ψ(0))1−ξ m(s) ≥ −K(t1)(t1 − s), 0 < t1 − h < s < t1. (4.3)
Since
−K(t1)(t1 − s) > −K(t1)h. (4.4)
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From inequalities (4.3) and (4.4), we have
(Ψ(s)−Ψ(0))1−ξ m(s) > −K(t1)h, 0 < t1 − h < s < t1.
This implies
Ψ′(s) (Ψ(t1)−Ψ(s))
−ξm(s) ≥ −hK(t1)Ψ
′(s) (Ψ(t1)−Ψ(s))
−ξ (Ψ(s)−Ψ(0))ξ−1 , (4.5)
for 0 < t1 − h < s < t1. By increasing nature of Ψ, we have
Ψ(t1 − h) < Ψ(s) < Ψ(t1), s ∈ (t1 − h, t1).
Since ξ ≤ 1, from above inequality, we have
(Ψ(t1 − h)−Ψ(0))
ξ−1 > (Ψ(s)−Ψ(0))ξ−1 > (Ψ(t1)−Ψ(0))
ξ−1 , s ∈ (t1 − h, t1). (4.6)
From the inequalities (4.5) and (4.6), we have
Ψ′(s) (Ψ(t1)−Ψ(s))
−ξm(s) > −hK(t1)Ψ
′(s) (Ψ(t1)−Ψ(s))
−ξ (Ψ(t1 − h)−Ψ(0))
ξ−1
for s ∈ (t1−h, t1). Integrating above inequality between t1−h to t1 and using the definition
of I2, we obtain
I2 > −hK(t1) (Ψ(t1 − h)−Ψ(0))
ξ−1
∫ t1
t1−h
Ψ′(s) (Ψ(t1)−Ψ(s))
−ξ ds
= −hK(t1) (Ψ(t1 − h)−Ψ(0))
ξ−1 (Ψ(t1)−Ψ(t1 − h))
1−ξ
1− ξ
. (4.7)
From the inequalities (4.2) and (4.7), we have
MΨ(t1)−MΨ(t1 − h)
h
> −K(t1) (Ψ(t1 − h)−Ψ(0))
ξ−1 (Ψ(t1)−Ψ(t1 − h))
1−ξ
1− ξ
.
Taking the limit as h→ 0 in the above inequality and using the continuity of Ψ, we obtain[
d
dt
MΨ(t)
]
t=t1
≥ 0.
Since Ψ′(t1) > 0, using the definition of MΨ, we have[
1
Ψ′(t)
d
dt
(
1
Γ(1− ξ)
∫ t
0
Ψ′(s) (Ψ(t)−Ψ(s))−ξm(s)ds
)]
t=t1
≥ 0.
This gives
HDµ, ν ; Ψ
0+
m(t1) =
[
I
ν(1−µ) ;Ψ
0+
(
1
Ψ′ (t)
d
dt
)
I
(1−ν)(1−µ) ;Ψ
0+
m(t)
]
t=t1
≥ 0.
✷
The dual of the Theorem 4.1 is also hold.
Theorem 4.2 Let m ∈ C1−ξ; Ψ(J, R). Let t1 ∈ (0, T ] be such that m(t1) = 0 and m(t) ≥
0, t ∈ (0, t1). Then,
HDµ, ν ; Ψ
0+
m(t1) ≤ 0.
Proof: By utilizing the hypothesis on m, it follows that (−m) fulfills the assumptions of
Theorem 4.1 and the proof follows by applying it. ✷
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5 Hybrid differential inequalities with Ψ-Hilfer derivative
Theorem 5.1 Let f ∈ C (J ×R,R \ {0}) , g ∈ C (J ×R,R) and assume that the hypothe-
sis (H1)(i) hold. Let y, z ∈ C1−ξ; Ψ(J, R) are such that
HDµ, ν ; Ψ
0+
[
y(t)
f(t, y(t))
]
≤ g(t, y(t)), a.e. t ∈ (0, T ], (5.1)
HDµ, ν ; Ψ
0+
[
z(t)
f(t, z(t))
]
≥ g(t, z(t)), a.e. t ∈ (0, T ], (5.2)
one of the inequalities being strict. Then
(Ψ (t)−Ψ(0))1−ξ y(t)|t=0 < (Ψ (t)−Ψ(0))
1−ξ z(t)|t=0
implies that
y ≺ z in C1−ξ; Ψ(J, R).
Proof: Assume that the conclusion of the theorem doesn’t hold. Using the continuity of
(Ψ (t)−Ψ(0))1−ξ y(t) and (Ψ (t)−Ψ(0))1−ξ z(t) on J , there exists t1 ∈ (0, T ] such that
(Ψ (t1)−Ψ(0))
1−ξ y(t1) = (Ψ (t1)−Ψ(0))
1−ξ z(t1)
and
(Ψ (t)−Ψ(0))1−ξ y(t) < (Ψ (t)−Ψ(0))1−ξ z(t), t ∈ [0, t1).
This gives
y(t1) = z(t1) and y(t) < z(t), t ∈ (0, t1). (5.3)
Define,
Y (t) =
y(t)
f(t, y(t))
and Z(t) =
z(t)
f(t, z(t))
, t ∈ (0, T ].
Then Y,Z ∈ C1−ξ; Ψ(J, R). Using the relations in the equation (5.3) and the hypothesis
(H1)(i), we obtain
Y (t1) = Z(t1) and Y (t) ≤ Z(t), t ∈ (0, t1).
Define m(t) = Y (t) − Z(t), t ∈ (0, T ]. Then, m ∈ C1−ξ; Ψ(J, R). Further, t1 ∈ (0, T ] such
that
m(t1) = 0 and m(t) ≤ 0, t ∈ (0, t1).
Therefore by Theorem 4.1, we obtain
HDµ, ν ; Ψ
0+
m(t1) ≥ 0.
This implies
HDµ, ν ; Ψ
0+
Y (t1) ≥
HDµ, ν ; Ψ
0+
Z(t1).
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By inequality (5.1) and assuming inequality (5.2) is strict, we obtain
g(t1, y(t1)) ≥
HDµ, ν ; Ψ
0+
Y (t1) ≥
HDµ, ν ; Ψ
0+
Z(t1) > g(t1, z(t1)).
This is contradicts to the fact y(t1) = z(t1). Therefore, we must have
y ≺ z in C1−ξ; Ψ(J, R).
✷
Theorem 5.2 Assume that the conditions of Theorem 5.1 hold with nonstrict inequalities
(5.1) and (5.2). Further, assume that there exists a real number L > 0 such that
g(t, x1)− g(t, x2) ≤ L
(
x1
f(t, x1)
−
x2
f(t, x2)
)
, a.e. t ∈ J, (5.4)
for all x1, x2 ∈ R with x1 ≥ x2. Then
(Ψ (t)−Ψ(0))1−ξ y(t)|t=0 ≤ (Ψ (t)−Ψ(0))
1−ξ z(t)|t=0
implies that
y  z in C1−ξ; Ψ(J, R).
Proof: Let any ǫ > 0. Set
zǫ(t)
f(t, zǫ(t))
=
z(t)
f(t, z(t))
+ ǫEµ (2L (Ψ (t)−Ψ(0))
µ) , t ∈ (0, T ], (5.5)
where Eµ(·) is the one parameter Mittag-Leffler function. This implies that
zǫ(t)
f(t, zǫ(t))
>
z(t)
f(t, z(t))
, t ∈ (0, T ].
By using the hypothesis (H1)(i), we have
zǫ(t) > z(t), t ∈ (0, T ]. (5.6)
Define
Zǫ(t) =
zǫ(t)
f(t, zǫ(t))
and Z(t) =
z(t)
f(t, z(t))
, t ∈ (0, T ].
Then, the equation (5.5) takes the form
Zǫ(t) = Z(t) + ǫEµ (2L (Ψ (t)−Ψ(0))
µ) , t ∈ (0, T ].
Operating Ψ-Hilfer fractional derivative operator HDµ, ν ; Ψ
0+
on both sides of the above equa-
tion and using the inequality (5.2), we obtain
HDµ, ν ; Ψ
0+
Zǫ(t) =
HDµ, ν ; Ψ
0+
Z(t) + ǫHDµ, ν ; Ψ
0+
Eµ (2L (Ψ (t)−Ψ(0))
µ)
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≥ g(t, z(t)) + ǫHDµ, ν ; Ψ
0+
Eµ (2L (Ψ (t)−Ψ(0))
µ) . (5.7)
But by Lemma 2.1(iv), we obtain
HDµ, ν ; Ψ
0+
Eµ (2L (Ψ (t)−Ψ(0))
µ) = HDµ, ν ; Ψ
0+
{
∞∑
k=0
[2L (Ψ (t)−Ψ(0))µ]k
Γ(kµ+ 1)
}
=
∞∑
k=1
2kLk
Γ(kµ+ 1)
Γ(kµ+ 1)
Γ(kµ+ 1− µ)
(Ψ (t)−Ψ(0))kµ−µ
=
∞∑
k=0
2k+1Lk+1
Γ(kµ+ µ+ 1− µ)
(Ψ (t)−Ψ(0))kµ+µ−µ
= 2LEµ (2L (Ψ (t)−Ψ(0))
µ) . (5.8)
Therefore the inequality (5.7), reduces to
HDµ, ν ; Ψ
0+
Zǫ(t) ≥ g(t, z(t)) + 2LǫEµ (2L (Ψ (t)−Ψ(0))
µ) , t ∈ (0, T ]. (5.9)
Using the condition on g given in (5.4) and using the equation (5.5), we get
g(t, zǫ(t)) − g(t, z(t)) ≤ L
[
zǫ(t)
f(t, zǫ(t))
−
z(t)
f(t, z(t))
]
≤ LǫEµ (2L (Ψ (t)−Ψ(0))
µ) , t ∈ J. (5.10)
Utilizing the inequality (5.10) in the inequality (5.9), we get
HDµ, ν ; Ψ
0+
Zǫ(t) ≥ g(t, zǫ(t)) − LǫEµ (2L (Ψ (t)−Ψ(0))
µ) + 2LǫEµ (2L (Ψ (t)−Ψ(0))
µ)
≥ g(t, zǫ(t)) + LǫEµ (2L (Ψ (t)−Ψ(0))
µ)
> g(t, zǫ(t)).
Therefore,
HDµ, ν ; Ψ
0+
[
zǫ(t)
f(t, zǫ(t))
]
> g(t, zǫ(t)), t ∈ (0, T ].
Now, from the inequality (5.6), we have
(Ψ (t)−Ψ(0))1−ξ zǫ(t)|t=0 > (Ψ (t)−Ψ(0))
1−ξ z(t)|t=0
and from the hypothesis
(Ψ (t)−Ψ(0))1−ξ z(t)|t=0 ≥ (Ψ (t)−Ψ(0))
1−ξ y(t)|t=0.
Therefore,
(Ψ (t)−Ψ(0))1−ξ zǫ(t)|t=0 > (Ψ (t)−Ψ(0))
1−ξ y(t)|t=0. (5.11)
By applying Theorem 5.1 with z = zǫ, the condition (5.11) implies
y ≺ zǫ in C1−ξ; Ψ(J, R). (5.12)
Taking ǫ→ 0 in the equation (5.5) and using the hypothesis (H1)(i), we have
lim
ǫ→0
zǫ(t) = z(t). (5.13)
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Using (5.13)
lim
ǫ→0
‖zǫ − z‖
C1−ξ; Ψ
(
J,R
) = lim
ǫ→0
{
max
t∈[0,T ]
(Ψ (t)−Ψ(0))1−ξ |zǫ(t)− z(t)|
}
= 0.
This gives lim
ǫ→0
zǫ = z in C1−ξ; Ψ(J, R). Therefore, the inequality (5.12) reduces to y  z in
C1−ξ; Ψ(J, R). ✷
6 Maximal and minimal solutions
In this section, we will demonstrate the existence of maximal and minimal solutions for the
hybrid FDEs (1.1)-(1.2) in the weighted space C1−ξ; Ψ(J, R).
Definition 6.1 A solution r of the hybrid FDEs (1.1)-(1.2) is said to be maximal solution
if for any other solution y to the hybrid FDEs (1.1)-(1.2), we have y  r in C1−ξ; Ψ(J, R).
Definition 6.2 A solution q of the hybrid FDEs (1.1)-(1.2) is said to be minimal solution
if for any other solution y to the hybrid FDEs (1.1)-(1.2), we have q  y in C1−ξ; Ψ(J, R).
Let any ǫ > 0 and consider the following hybrid FDEs,
HDµ, ν ; Ψ
0+
[
y(t)
f(t, y(t))
]
= g(t, y(t)) + ǫ, a.e. t ∈ (0, T ], (6.1)
(Ψ (t)−Ψ(0))1−ξ y(t)|t=0 = y0 + ǫ ∈ R. (6.2)
Theorem 6.1 Assume that the hypotheses (H1)-(H2) and the condition (3.4) hold. Then
for every small number ǫ > 0, the hybrid FDEs (6.1)-(6.2) has a solution in C1−ξ; Ψ(J, R).
Proof: By the hypothesis, we have
L
{∣∣∣∣ y0f(0, y(0))
∣∣∣∣+ ‖h‖∞ (Ψ (T )−Ψ(0))µΓ(µ + 1)
}
< 1,
then there exists ǫ0 > 0 such that
L
{∣∣∣∣ y0 + ǫf(0, y(0))
∣∣∣∣+ (‖h‖∞ + ǫ) (Ψ (T )−Ψ(0))µΓ(µ+ 1)
}
< 1, 0 < ǫ ≤ ǫ0.
Following the similar steps as in the proof of Theorem 3.2 for the existence of a solution,
one can complete the remaining part of the proof. ✷
Theorem 6.2 Assume that the hypotheses (H1)-(H2) and the condition (3.4) hold. Then
for every ǫ > 0, the hybrid FDEs (1.1)-(1.2) has a maximal solution in C1−ξ; Ψ(J, R).
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Proof: Let {ǫn}
∞
n=0 be a decreasing sequence of positive real numbers such that limn→∞
ǫn = 0
where ǫ0 is a positive real number satisfying the inequality
L
{∣∣∣∣ y0 + ǫ0f(0, y(0))
∣∣∣∣+ (‖h‖∞ + ǫ0) (Ψ (T )−Ψ(0))µΓ(µ + 1)
}
< 1. (6.3)
The existence of number ǫ0 can be achieved in the view of the inequality (3.4). Since {ǫn}
∞
n=0
is a decreasing sequence, we have ǫn ≤ ǫ0, n ∈ N ∪ {0} and one can verify that
L
{∣∣∣∣ y0 + ǫnf(0, y(0))
∣∣∣∣+ (‖h‖∞ + ǫn) (Ψ (T )−Ψ(0))µΓ(µ+ 1)
}
< 1, for all n ∈ N ∪ {0}.
In the view of above condition, Theorem 6.1 guarantee the existence of solution r(·, ǫn) ∈
C1−ξ; Ψ(J, R) of the hybrid FDEs{
HDµ, ν ; Ψ
0+
[
y(t)
f(t,y(t))
]
= g(t, y(t)) + ǫn, a.e. t ∈ (0, T ],
(Ψ (t)−Ψ(0))1−ξ y(t)|t=0 = y0 + ǫn ∈ R.
(6.4)
From (6.4), it follows that
HDµ, ν ; Ψ
0+
[
r(t, ǫn)
f(t, r(t, ǫn))
]
> g(t, r(t, ǫn)), a.e. t ∈ (0, T ].
Further, any solution u ∈ C1−ξ; Ψ(J, R) of the hybrid FDEs (1.1)-(1.2) satisfies
HDµ, ν ; Ψ
0+
[
u(t)
f(t, u(t))
]
≤ g(t, u(t)), a.e. t ∈ (0, T ].
By Theorem 5.1, the condition
(Ψ (t)−Ψ(0))1−ξ u(t)|t=0 = y0 < y0 + ǫn = (Ψ (t)−Ψ(0))
1−ξ r(t, ǫn)|t=0
implies
u ≺ r(·, ǫn), for all n ∈ N ∪ {0} in C1−ξ; Ψ(J, R). (6.5)
Let r(t, ǫ1) and r(t, ǫ2) be the solutions of the hybrid FDEs (6.4). Then, we have
HDµ, ν ; Ψ0+
[
r(t, ǫ1)
f(t, r(t, ǫ1))
]
= g(t, r(t, ǫ1)) + ǫ1
> g(t, r(t, ǫ1)) + ǫ2,
HDµ, ν ; Ψ
0+
[
r(t, ǫ2)
f(t, r(t, ǫ2))
]
≤ g(t, r(t, ǫ2)) + ǫ2
and
(Ψ (t)−Ψ(0))1−ξ r(t, ǫ1)|t=0 = y0 + ǫ1 > y0 + ǫ2 = (Ψ (t)−Ψ(0))
1−ξ r(t, ǫ2)|t=0.
Again by applying Theorem 5.1, we have
r(·, ǫ1) ≻ r(·, ǫ2) in C1−ξ; Ψ(J, R).
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Proceeding in this way, we obtain, r(·, ǫn) is a bounded below decreasing sequence in
C1−ξ; Ψ(J, R). Therefore, it is convergent. Let r ∈ C1−ξ; Ψ(J, R) such that
‖r(·, ǫn)− r‖
C1−ξ; Ψ
(
J,R
) → 0 as n→∞.
Then, we have
(Ψ (t)−Ψ(0))1−ξ r(t) = lim
n→∞
(Ψ (t)−Ψ(0))1−ξ r(t, ǫn), t ∈ J. (6.6)
We show that the convergence in (6.6) is uniform on J . For this it is enough to prove that
the sequence {(Ψ (t)−Ψ(0))1−ξ r(t, ǫn)} is equicontinious on J . Let t1, t2 ∈ J with t1 > t2
be arbitrary. Then,
∣∣∣(Ψ (t1)−Ψ(0))1−ξ r(t1, ǫn)− (Ψ (t2)−Ψ(0))1−ξ r(t2, ǫn)∣∣∣
=
∣∣∣∣∣f(t1, r(t1, ǫn))
{
y0 + ǫn
f(0, r(0, ǫn))
+
(Ψ (t1)−Ψ(0))
1−ξ
Γ (µ)
∫ t1
0
Ψ′(s)(Ψ(t1)−Ψ(s))
µ−1 (g(s, r(s, ǫn)) + ǫn) ds
}
−f(t2, r(t2, ǫn))
{
y0 + ǫn
f(0, r(0, ǫn))
+
(Ψ (t2)−Ψ(0))
1−ξ
Γ (µ)
∫ t2
0
Ψ′(s)(Ψ(t2)−Ψ(s))
µ−1 (g(s, r(s, ǫn)) + ǫn) ds
}∣∣∣∣∣
=
∣∣∣∣∣f(t1, r(t1, ǫn))
{
y0 + ǫn
f(0, r(0, ǫn))
+
(Ψ (t1)−Ψ(0))
1−ξ
Γ (µ)
∫ t1
0
Ψ′(s)(Ψ(t1)−Ψ(s))
µ−1 (g(s, r(s, ǫn)) + ǫn) ds
}
−f(t2, r(t2, ǫn))
{
y0 + ǫn
f(0, r(0, ǫn))
+
(Ψ (t1)−Ψ(0))
1−ξ
Γ (µ)
∫ t1
0
Ψ′(s)(Ψ(t1)−Ψ(s))
µ−1 (g(s, r(s, ǫn)) + ǫn) ds
}
+f(t2, r(t2, ǫn))
{
y0 + ǫn
f(0, r(0, ǫn))
+
(Ψ (t1)−Ψ(0))
1−ξ
Γ (µ)
∫ t1
0
Ψ′(s)(Ψ(t1)−Ψ(s))
µ−1 (g(s, r(s, ǫn)) + ǫn) ds
}
−f(t2, r(t2, ǫn))
{
y0 + ǫn
f(0, r(0, ǫn))
+
(Ψ (t2)−Ψ(0))
1−ξ
Γ (µ)
∫ t2
0
Ψ′(s)(Ψ(t2)−Ψ(s))
µ−1 (g(s, r(s, ǫn)) + ǫn) ds
}∣∣∣∣∣
≤ |f(t1, r(t1, ǫn))− f(t2, r(t2, ǫn))| ×{∣∣∣∣ y0 + ǫnf(0, r(0, ǫn))
∣∣∣∣+ (Ψ (t1)−Ψ(0))
1−ξ
Γ (µ)
∫ t1
0
Ψ′(s)(Ψ(t1)−Ψ(s))
µ−1 (|g(s, r(s, ǫn))|+ ǫn) ds
}
+ |f(t2, r(t2, ǫn))|
{
(Ψ (t1)−Ψ(0))
1−ξ
Γ (µ)
∫ t1
0
Ψ′(s)(Ψ(t1)−Ψ(s))
µ−1 (|g(s, r(s, ǫn))|+ ǫn) ds
−
(Ψ (t2)−Ψ(0))
1−ξ
Γ (µ)
∫ t2
0
Ψ′(s)(Ψ(t2)−Ψ(s))
µ−1 (|g(s, r(s, ǫn))|+ ǫn) ds
}
.
Using the hypothesis (H2), we have |g(t, r(t, ǫn))|+ ǫn ≤ ‖h‖∞+ ǫn, t ∈ J . Therefore, from
the above inequality, we obtain∣∣∣(Ψ (t1)−Ψ(0))1−ξ r(t1, ǫn)− (Ψ (t2)−Ψ(0))1−ξ r(t2, ǫn)∣∣∣
≤ |f(t1, r(t1, ǫn))− f(t2, r(t2, ǫn))|
{∣∣∣∣ y0 + ǫnf(0, r(0, ǫn))
∣∣∣∣+ (‖h‖∞ + ǫn) (Ψ (t1)−Ψ(0))µ+1−ξΓ (µ+ 1)
}
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+K∗ (‖h‖
∞
+ ǫn)
{
(Ψ (t1)−Ψ(0))
µ+1−ξ
Γ (µ+ 1)
−
(Ψ (t2)−Ψ(0))
µ+1−ξ
Γ (µ+ 1)
}
, (6.7)
where K∗ = sup
(t,y)∈J×[−R,R]
|f(t, r(t, ǫn))|. Since, f is continuous on compact set J× [−R, R],
we have
|f(t1, r(t1, ǫn))− f(t2, r(t2, ǫn))| → 0 as |t1 − t2| → 0 (6.8)
uniformly for all n ∈ N∪{0}. Using the condition (6.8) and continuity of Ψ function in the
inequality (6.7), we obtain∣∣∣(Ψ (t1)−Ψ(0))1−ξ r(t1, ǫn)− (Ψ (t2)−Ψ(0))1−ξ r(t2, ǫn)∣∣∣→ 0 as |t1 − t2| → 0.
This proves {(Ψ (t)−Ψ(0))1−ξ r(t, ǫn)} is equicontinuous and hence (Ψ (t)−Ψ(0))
1−ξ r(t, ǫn)→
(Ψ (t)−Ψ(0))1−ξ r(t) converges uniformly on J . Next, we prove that r ∈ C1−ξ; Ψ (J, R) is
a solution of the hybrid FDEs (1.1)-(1.2). Since r(·, ǫn) ∈ C1−ξ; Ψ (J, R) is a solution of the
hybrid FDEs (6.4), we have
r(t, ǫn) = f(t, r(t, ǫn))
{
y0 + ǫn
f(0, r(0, ǫn))
(Ψ (t)−Ψ(0))ξ−1 + Iµ ; Ψ
0+
(g(t, r(t, ǫn)) + ǫn)
}
, t ∈ (0, T ].
Using the continuity of functions f and g, taking the limit as n→∞ in the above equation,
we get
r(t) = f(t, r(t))
{
y0
f(0, r(0))
(Ψ (t)−Ψ(0))ξ−1 + Iµ ; Ψ
0+
g(t, r(t))
}
, t ∈ (0, T ].
Thus, r(t) is a solution of the hybrid FDEs (1.1)-(1.2). From the inequality (6.5) it follows
that u  lim
n→∞
r(·, ǫn) in C1−ξ; Ψ (J, R). Therefore u  r in C1−ξ; Ψ (J, R). This proves r is
a maximal solution the hybrid FDEs (1.1)-(1.2) in C1−ξ; Ψ (J, R). ✷
Remark 6.3 The confirmation of the existence of minimal solution for the hybrid FDEs
(1.1)-(1.2) one can finish on comparable lines.
7 Comparison Theorems
Theorem 7.1 Assume that the hypotheses (H1)-(H2) and the condition (3.4) hold. If there
exists a function u ∈ C1−ξ; Ψ(J, R) such that
HDµ, ν ; Ψ
0+
[
u(t)
f(t, u(t))
]
≤ g(t, u(t)), a.e. t ∈ (0, T ], (7.1)
(Ψ (t)−Ψ(0))1−ξ u(t)|t=0 ≤ y0, (7.2)
then
u  r in C1−ξ; Ψ (J, R) ,
where r is a maximal solution of the hybrid FDEs (1.1)-(1.2).
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Proof: Let ǫ > 0 be arbitrary small. By Theorem 6.2, the hybrid FDEs (6.1)-(6.2) has a
maximal solution r(·, ǫ) ∈ C1−ξ; Ψ (J, R). Further, the limit
(Ψ (t)−Ψ(0))1−ξ r(t) = lim
ǫ→0
(Ψ (t)−Ψ(0))1−ξ r(t, ǫ) (7.3)
is uniform on J , where r ∈ C1−ξ; Ψ (J, R) is a maximal solution of the hybrid FDEs (1.1)-
(1.2). As r(t, ǫ) is a maximal solution of the hybrid FDEs (6.1)-(6.2). Therefore,
HDµ, ν ; Ψ
0+
[
r(t, ǫ)
f(t, r(t, ǫ))
]
= g(t, r(t, ǫ)) + ǫ, a.e. t ∈ (0, T ], (7.4)
(Ψ (t)−Ψ(0))1−ξ r(t, ǫ)|t=0 = y0 + ǫ ∈ R. (7.5)
From the above equations, we have
HDµ, ν ; Ψ
0+
[
r(t, ǫ)
f(t, r(t, ǫ))
]
> g(t, r(t, ǫ)), a.e. t ∈ (0, T ], (7.6)
(Ψ (t)−Ψ(0))1−ξ r(t, ǫ)|t=0 > y0 ∈ R. (7.7)
From equations (7.2) and (7.7), we have
(Ψ (t)−Ψ(0))1−ξ r(t, ǫ)|t=0 > (Ψ (t)−Ψ(0))
1−ξ u(t)|t=0. (7.8)
Applying Theorem 5.1, from the inequalities (7.1), (7.6) and (7.8), we obtain
u ≺ r(·, ǫ) in C1−ξ; Ψ (J, R) .
Taking the limit ǫ→ 0 of above inequality and using the equation (7.3), we obtain
u  r in C1−ξ; Ψ (J, R) .
✷
The proof of the following theorem relating to the comparison of minimal and upper
solution can be finished on the comparable lines of the proof of Theorem 7.1.
Theorem 7.2 Assume that the hypotheses (H1)-(H2) and the condition (3.4) hold. If there
exist a function v ∈ C1−ξ; Ψ(J, R) such that
HDµ, ν ; Ψ
0+
[
v(t)
f(t, v(t))
]
≥ g(t, v(t)), a.e. t ∈ (0, T ],
(Ψ (t)−Ψ(0))1−ξ v(t)|t=0 ≥ y0,
then
q  v in C1−ξ; Ψ (J, R) ,
where q is a minimal solution of the hybrid FDEs (1.1)-(1.2).
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8 Uniqueness of solution
In the accompanying theorem, we demonstrate the uniqueness of the solution to the hybrid
FDEs (1.1)-(1.2) through the Theorem 7.1.
Theorem 8.1 Assume that the hypotheses (H1)-(H2) and the condition (3.4) hold. Also if
there exists a function G : J ×R→ R such that
g(t, y1)− g(t, y2) ≤ G
(
t,
y1
f(t, y1)
−
y2
f(t, y2)
)
, a.e. t ∈ (0, T ], (8.1)
for all y1, y2 ∈ R with y1 > y2. If the identically zero function is the only solution of the
Ψ-Hilfer FDEs
HDµ, ν ; Ψ
0+
m(t) = G(t,m(t)), t ∈ (0, T ],
(Ψ (t)−Ψ(0))1−ξm(t)|t=0 = 0,
then, the hybrid FDEs (1.1)-(1.2) has a unique solution.
Proof: By Theorem 3.2, the hybrid FDEs (1.1)-(1.2) has a solution in C1−ξ; Ψ (J, R). Sup-
pose that u1 and u2 are two solutions of the hybrid FDEs (1.1)-(1.2) with u1 ≻ u2 in
C1−ξ; Ψ (J, R). Define a function m : (0, T ]→ R by
m(t) =
u1(t)
f(t, u1(t))
−
u2(t)
f(t, u2(t))
, t ∈ (0, T ].
In the view of hypothesis (H1)(i), we obtain
m ≻ 0 in C1−ξ; Ψ (J, R) . (8.2)
Using the inequality (8.1), we get
HDµ, ν ; Ψ
0+
m(t) = HDµ, ν ; Ψ
0+
[
u1(t)
f(t, u1(t))
]
− HDµ, ν ; Ψ
0+
[
u2(t)
f(t, u2(t))
]
= g(t, u1(t))− g(t, u2(t))
≤ G
(
t,
u1(t)
f(t, u1(t))
−
u2(t)
f(t, u2(t))
)
= G(t,m(t)).
Further,
(Ψ (t)−Ψ(0))1−ξ m(t)|t=0 = (Ψ (t)−Ψ(0))
1−ξ u1(t)|t=0 − (Ψ (t)−Ψ(0))
1−ξ u2(t)|t=0 = 0.
Therefore, {
HDµ, ν ; Ψ
0+
m(t) ≤ G(t,m(t)), t ∈ (0, T ],
(Ψ (t)−Ψ(0))1−ξm(t)|t=0 = 0.
(8.3)
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By assumption the identically zero function is the maximal solution of{
HDµ, ν ; Ψ0+ m(t) = G(t,m(t)), t ∈ (0, T ],
(Ψ (t)−Ψ(0))1−ξm(t)|t=0 = 0.
(8.4)
Applying Theorem 7.1 to the problems (8.3) and (8.4) with f(t, x) = 1, g = G and y0 = 0,
we obtain
m  0 in C1−ξ; Ψ (J, R) (8.5)
The equation (8.5) contradicts to the equation (8.2). Thus, we must have u1 = u2 in
C1−ξ; Ψ (J, R). ✷
Conclusion
Existence and uniqueness of solution, fractional differential inequalities and comparison
results acquired in the present paper for Ψ-Hilfer hybrid FDEs includes the study of [1,
4, 5, 34]. Since the Ψ-Hilfer fractional derivative gives distinctive fractional derivative
operators for different values of the parameters µ, ν and the function Ψ, the outcomes of
the present paper are also valid for the derivative operators listed in [23] as its special cases.
Further, the fractional integral inequalities and comparison results obtained in the setting
of Ψ-Hilfer derivative can be utilized to analyze the various qualitative and quantitative
properties of solutions for a different classes of Ψ-Hilfer hybrid FDEs.
Acknowledgment
The first author acknowledges the Science and Engineering Research Board (SERB), New
Delhi, India for the Research Grant (Ref: File no. EEQ/2018/000407).
References
[1] V. Lakshmikantham, A. S. Vatsala, Theory of fractional differential inequalities and
applications, Communications in Applied Analysis, 11(3-4)(2007), 395–402.
[2] V. Lakshmikantham, A. S. Vatsala, Basic theory of fractional differential equations,
Nonlinear. Anal., 69(2008), 2677–2682.
[3] V. Lakshmikantham, Theory of fractional functional differential equations, Nonlinear
Analysis: Theory, Methods & Applications, 69(10)(2008), 3337–3343.
[4] B. C. Dhage, V. Lakshmikantham, Basic results on hybrid differential equations, Non-
linear Analysis: Hybrid Systems, 4(3)(2010), 414–424.
[5] Y. Zhao, S. Sun, Z. Han, Q. Li, Theory of fractional hybrid differential equations,
Computers & Mathematics with Applications, 62(3)(2011), 1312–1324.
22
[6] B. C. Dhage, Theoretical approximation methods for hybrid differential equations,
Dynamic Systems and Applications, 20(2011), 455–478.
[7] M. A. Herzallah, D. Baleanu, On fractional order hybrid differential equations, Abstract
and Applied Analysis, 2014(2014), DOI: http://dx.doi.org/10.1155/2014/389386.
[8] B. Ahmad, S. K. Ntouyas, Initial-value problems for hybrid Hadamard fractional dif-
ferential equations, Electronic Journal of Differential Equations, 2014(2014), 161, 1–8.
[9] B. Ahmad, S. K. Ntouyas, An existence theorem for fractional hybrid differential inclu-
sions of Hadamard type, Discussiones Mathematicae, Differential Inclusions, Control
and Optimization, 34(2)(2014), 207–218.
[10] B. Ahmad, S. K. Ntouyas, J. Tariboon, A nonlocal hybrid boundry value problem of Ca-
puto fractional integro-differential equations, Acta Mathematica Scientia, 36(6)(2016),
1631–1640.
[11] S. Ferraoun, Z. Dahmani, Existence and stability of solutions of a class of hybrid frac-
tional differential equations involving RL-operator, Journal of Interdisciplinary Math-
ematics, (2020), 1–19, DOI: 10.1080/09720502.2020.1727617.
[12] S. Sitho, S. K. Ntouyas, J. Tariboon, Existence results for hybrid fractional integro-
differential equations, Boundary Value Problems, 2015(1)(2015), 113.
[13] S. Sun, Y. Zhao, Z. Han, Y. Li, The existence of solutions for boundary value problem
of fractional hybrid differential equations, Commun. Nonlinear Sci. Numer. Simulat.,
17(12)(2012), 4961–4967.
[14] J. Caballero, M. A. Darwish, K. Sadarangani, Solvability of a fractional hybrid ini-
tial value problem with supremum by using measures of noncompactness in Banach
algebras, Applied Mathematics and Computation, 224(2013), 553–563.
[15] S. Sun, Y. Zhao, P. Zhao, Z. Han, Theory of hybrid differential equations on time
scales, Bull. Iranian Math. Soc., 43(3)(2017), 707–725.
[16] N. Mahmudov, M. M. Matar, Existence of mild solution for hybrid differential equations
with arbitrary fractional order, TWMS J. Pure Appl. Math., 8(2)(2017), 160–169.
[17] A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and applications of fractional
differential equations, North–Holland Mathematics Studies, Elsevier, Amsterdam, Vol.
207, 2006.
[18] R. Almeida, A Caputo fractional derivative of a function with respect to another func-
tion , Commun. Nonlinear Sci. Numer. Simulat., 44(2017), 460-481.
[19] U. N. Katugampola, A new approach to generalized fractional derivatives, (2011),
arXiv preprint arXiv:1106.0965.
[20] R. Hilfer, Applications of fractional calculus in Physics, World Scientific, Singapore,
2000.
23
[21] K. M. Furati, M. D. Kassim, N. E. Tatar, Existence and uniqueness for a problem
involving Hilfer fractional derivative, Comp. Math. Appl., 64(2012), 1616–1626.
[22] S. Abbas, M. Benchohra, J. E. Lazreg, Y. Zhou, A survey on Hadamard and Hilfer
fractional differential equations: Analysis and stability, Chaos, Solitons and Fractals,
102(2017), 47–71.
[23] J. Vanterler da C. Sousa , E. Capelas de Oliveira, On the Ψ-Hilfer fractional derivative,
Commun. Nonlinear Sci. Numer. Simul., 60(2018), 72–91.
[24] E. Capelas de Oliveira, J. Vanterler da C. Sousa, Ulam-Hyers-Rassias stability for a
class of fractional integro-differential equations, Results in Mathematics, 73(3)(2018),
1–16.
[25] J. Vanterler da C. Sousa, K. D. Kucche, E. Capelas de Oliveira, Stability of Ψ-Hilfer
impulsive fractional differential equations, Applied Mathematics Letters, 88(2019), 73–
80.
[26] J. Vanterler da C. Sousa, D. S. Oliveira, E. Capelas de Oliveira, On the existence and
stability for impulsive fractional integrodifferential equation, Mathematical Methods
in Applied Sciences, 42(4)(2019), 1249–1261.
[27] J. Vanterler da C. Sousa, E. Capelas de Oliveira, Ulam–Hyers stability of a non-
linear fractional Volterra integro-differential equation, Applied Mathematics Letters,
81(2018), 50–56.
[28] K. D. Kucche, A. D. Mali, J. Vanterler da C. Sousa, On the nonlinear Ψ-Hilfer fractional
differential equations, Computational and Applied Mathematics, 38(2)(2019), 25 pages.
[29] K. D. Kucche, A. D. Mali, Initial time difference quasilinearization method for frac-
tional differential equations involving generalized Hilfer fractional derivative, Compu-
tational and Applied Mathematics, 39(1)(2020), 31 pages.
[30] A. D. Mali, K. D. Kucche, Nonlocal boundary value problem for generalized Hilfer
implicit fractional differential equations, Methods in the Applied Sciences, (2020), DOI:
https://doi.org/10.1002/mma.6521.
[31] J. P. Kharade, K. D. Kucche, On the impulsive implicit Ψ-Hilfer fractional differential
equations with delay, Mathematical Methods in the Applied Sciences, 43(4)(2019),
1938-1952.
[32] M. S. Abdo, K. Shah, S. K. Panchal, H. A. Wahash, Existence and Ulam stability
results of a coupled system for terminal value problems involving Ψ-Hilfer fractional
operator, Advances in Difference Equations, 2020(1)(2020), 1–21.
[33] M. S. Abdo, S. K. Panchal, H. A. Wahash, Ulam-Hyers-Mittag-Leffler stability for a Ψ-
Hilfer problem with fractional order and infinite delay, Results in Applied Mathematics,
7(2020), 100115.
[34] V. Lakshmikantham, S. Leela, J. V. Devi, Theory of fractional dynamic systems, Cam-
bridge Scientific Publisher, 2009.
24
[35] K. Diethelm, The analysis of fractional differential equations, Lecture Notes in Math-
ematics, Springer–verlag Berlin Heidelberg, 2010.
[36] B. C. Dhage, On α-condensing mappings in Banach algebras, Math. Student,
63(1)(1994), 146–152.
